Relativistic reflection models often ignore the radiation crossing the equatorial plane between the black hole and the inner edge of the accretion disk; that is, the radiation produced by the other side of the disk or circling the black hole one or more times (higher order reflection). Here, we quantify the impact of this radiation on the shape of an iron line and on the full reflection spectrum. For slow-rotating black holes with a larger plunging region, the effect is not very sensitive to the exact inclination angle of the disk. For fast-rotating black holes with a smaller plunging region, the effect is very weak for low inclination angles and becomes more important as the angle increases. We simulate some observations without and with higher order reflection and fit the data with the reflection model relxill nk to check its capability of recovering the correct input parameters. Our results suggest that the effect of higher order reflection can be safely ignored for observations with present and near future X-ray missions, even for tests of the Kerr hypothesis.
Relativistic reflection models often ignore the radiation crossing the equatorial plane between the black hole and the inner edge of the accretion disk; that is, the radiation produced by the other side of the disk or circling the black hole one or more times (higher order reflection). Here, we quantify the impact of this radiation on the shape of an iron line and on the full reflection spectrum. For slow-rotating black holes with a larger plunging region, the effect is not very sensitive to the exact inclination angle of the disk. For fast-rotating black holes with a smaller plunging region, the effect is very weak for low inclination angles and becomes more important as the angle increases. We simulate some observations without and with higher order reflection and fit the data with the reflection model relxill nk to check its capability of recovering the correct input parameters. Our results suggest that the effect of higher order reflection can be safely ignored for observations with present and near future X-ray missions, even for tests of the Kerr hypothesis.
I. INTRODUCTION
Relativistically broadened reflection features are commonly observed in the X-ray spectrum of both stellarmass and supermassive black holes [1] [2] [3] [4] [5] . They are generated from illumination of the disk by a "corona", which is a generic name to indicate a hotter (∼ 100 keV) electron gas near the black hole, but its exact morphology is not yet well understood [6, 7] . X-ray reflection spectroscopy is potentially a powerful tool to probe the strong gravity region around black holes, measuring the black hole spin [8] [9] [10] [11] [12] , and potentially even testing general relativity in the strong field regime [13] [14] [15] [16] [17] .
Current relativistic reflection models have a number of simplifications that -inevitably -introduce systematic uncertainties in the final measurements of the model parameters [18] [19] [20] . When such systematic uncertainties in the theoretical model exceed the statistical uncertainties, we can get erroneous estimates of the properties of the systems. In order to get reliable measurements of the properties of black holes, it is thus crucial to have at least a rough estimate of the impact of these simplifications on the measurement of the model parameters and ensure that the corresponding systematic error is much smaller than the statistical error of the measurement.
Systematic uncertainties due to the theoretical model can be grouped into three classes: i) simplifications in the calculations of the non-relativistic reflection spectrum, ii) simplifications in the description of the accretion disk, and iii) relativistic effects not taken into account. The aim of the present paper is to investigate the impact on the reflection spectrum of a subgroup of iii), which we call higher order reflection. If the plunging region between the black hole and the inner edge of the accretion disk is optically thin, a distant observer can see the radiation emitted from the other side of the disk or radia- * Corresponding author: bambi@fudan.edu.cn tion circling the black hole one or more times as a consequence of strong light-bending. Relativistic reflection models usually ignore such radiation. Here we include this radiation and run some simulations to estimate its impact on the estimate of the model parameters when it is not included in the relativistic reflection model.
Not surprisingly, we find that the contribution of higher order reflection is regulated by the inclination angle of the disk and by the location of the inner edge of the disk (or by the spin parameter assuming the Kerr metric and the inner edge of the disk at the innermost stable circular orbit, ISCO). For very-slow-rotating black holes, characterized by an inner edge of the disk at a relatively large radius, the contribution from higher order reflection is not very sensitive to the exact inclination angle. As the inner edge of the disk gets closer to the black hole, the contribution of higher order reflection significantly decreases for low inclination angle and slightly increases for high inclination angles. However, when the inner edge of the disk is very close to the black hole, the contribution becomes very small even for high inclination angles.
In order to be more quantitative, we simulate some observations of the reflection spectrum of an accreting black hole without and with higher order reflection. We then fit the faked data with the relativistic reflection model relxill nk [21] [22] [23] , which is designed to test possible deviations from the Kerr background [24] . relxill nk does not include higher order reflection, and we can thus estimate the impact of the latter on the measurement of the model parameters. Our results suggest that the effect of higher order reflection is indeed very weak and difficult to estimate, so we confirm that the standard assumption of relativistic reflection models to ignore such radiation is perfectly acceptable for the quality of present and near future X-ray observations. Such a statement should be valid either when we want to measure the properties of the system assuming general relativity or when we want to test the Kerr metric around an accreting black hole.
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The paper is organized as follows. In Section II, we present the system that we have in mind and the origin of higher order reflection. In Section III, we calculate the impact of higher order reflection on a single iron line and on the full reflection spectrum. In Section IV, we simulate some observations with Athena [25] and we fit the data with relxill nk in order to estimate the impact of higher order reflection on the measurement of the properties of an accreting black hole, and in particular on tests of the Kerr hypothesis, when the reflection model employed in the fit does not include higher order reflection. Summary and conclusions are in Section V.
II. HIGHER ORDER REFLECTION
We consider a black hole surrounded by a geometrically thin and optically thick accretion disk, as shown in Fig. 1 . The inner edge of the disk is assumed to be at the ISCO radius. The plunging region is the region between the inner edge of the disk and the black hole because the particles of the accreting gas reach the inner edge and then they are assumed to quickly plunge onto the black hole without appreciable emission of radiation. Depending on the properties of the accretion flow, in particular on the mass accretion rate, the plunging region can be either optically thin or optically thick. In the present paper, we consider the first case (optically thin) and we thus investigate the possible impact of radiation crossing the equatorial plane between the black hole and the inner edge of the accretion disk. If the plunging region is optically thick, the phenomenon of this paper is not present and we can instead have a reflection spectrum due to il-FIG. 1. Black hole with accretion disk. The zeroth order reflection spectrum is produced by reflection radiation that never crosses the equatorial plane between the black hole and the inner edge of the disk. The first order reflection radiation is generated on the surface of the other side of the disk and crosses the equatorial plane between the black hole and the inner edge of the disk once (1 in the figure). The second order reflection radiation crosses the equatorial plane between the black hole and the inner edge of the disk twice (2 in the figure). The nth order reflection radiation crosses the equatorial plane between the black hole and the inner edge of the disk n times. lumination of the plunging region by the corona. The impact of such an effect on X-ray reflection spectroscopy measurements will be presented in a forthcoming paper.
If the plunging region is optically thin, photons can travel around the black hole and cross the equatorial plane one or more times. The zeroth order reflection spectrum is that generated by radiation that never crosses the plunging region and is the only one calculated in most relativistic reflection models. The first order reflection radiation is generated on the underside of the disk and crosses the plunging region once (trajectory 1 in Fig. 1 ). The second order reflection radiation is generated on the top side of the accretion disk and crosses the plunging region twice (trajectory 2 in Fig. 1 ). In general, we can talk about nth order reflection radiation, which is generated on the top side of the disk if n is even and on the underside of the disk if n is odd, and crosses the plunging region n times. As we can expect, the contribution to the total spectrum quickly decreases as n increases, and it gets more and more difficult to calculate it numerically with our code.
III. IRON LINE SHAPES
The aim of this section is to determine the impact of higher order reflection. First, we simplify the reflection spectrum to a single iron line and we calculate the shape of the iron line, as detected by a distant observer, without and with higher order reflection. We assume that the iron line is at 6.4 keV in the rest-frame of the gas (neutral iron). The disk is assumed to be infinitesimally thin and perpendicular to the black hole spin. We employ the raytracing code used in Ref. [19] . The calculations of the spectrum of accretion disks with ray-tracing codes have been already discussed in literature (see, for instance, Refs. [7, 26, 27] ), so here we will only outline the main passages.
We consider an observer far from the black hole with viewing angle i, which is the angle between the line of sight of the observer and the black hole spin. We set a grid on the image plane of the observer and we fire a photon from every point of the grid to calculate its trajectory and where the photon hits the accretion disk. From the radial coordinate of the emission point on the accretion disk, we infer the gas velocity and, combined with the photon 4-momentum, we infer the redshift factor g = E obs /E e , where E obs and E e are, respectively, the photon energy measured by the distant observer and in the rest-frame of the gas. Integrating over the whole image of the accretion disk, we get the photon count as a function of E obs
where I e is the specific intensity of the radiation at the emission point in the rest-frame of the gas, X and Y are the Cartesian coordinates in the observer plane, and D is the distance between the black hole and the observer. For simplicity, we assume a power-law emissivity profile with emissivity index q = 3, namely I e ∝ r −3 .
The results of our calculations are shown in Fig. 2 for six different values of the spin parameter (a * = 0.0, 0.7, 0.9, 0.95, 0.98, 0.998) and four values of the viewing angle (i = 15 • , 35 • , 55 • , and 75 • ). Different orders of reflection are indicated with different colors in Fig. 2 , but they are difficult to identify because the contribution is very small for higher order spectra. The solid green line indicates the total line (sum of all contributions). The dotted blue line indicates the zeroth order contribution that never crosses the equatorial plane. The solid black line indicate the radiation generated on the underside of the disk and crossing the plunging region once (first order contribution). The dotted red line (difficult to see) shows the second order reflection, namely the radiation crossing the plunging region twice. The dashed-dotted magenta line shows higher order contributions, crossing the plunging region three or more times, but in most cases it cannot be seen. In every panel, the lower quadrant reports the relative difference between the total line and the dominant zeroth order contribution.
From Fig. 2 it is easy to identify a trend in the contribution of higher order reflection: the contribution is negligible for high values of the spin parameters and low values of the viewing angle, while it is not negligible for low values of the spin parameter and/or high values of the viewing angle of the disk. However, for very high spin even in the case of high inclination angle the final impact of the reflection spectrum is very weak.
The calculations of iron line shapes without and with higher order reflection can be easily generalized to the full reflection spectrum. This is possible by changing I e in Eq. (1), replacing an iron line with a non-relativistic reflection spectrum calculated with xillver [28] and using the ray-tracing code as a convolution model to transform a spectrum at the emission point of the disk in the observed spectrum far from the source. Fig. 3 is the generalization of Fig. 2 for the full reflection spectrum, but we only show the differences between spectra with and without higher order reflection because the full reflection spectrum has so many features that its visualization does not help the interpretation. The non-relativistic reflection spectrum is obtained with xillver assuming that the incident radiation has photon index Γ = 2.389 and high energy cutoff E cut = 300 keV. We assume Solar iron abundance (A Fe = 1) and the ionization parameter is log ξ = 3.1 (ξ in units erg cm s −1 ).
IV. SIMULATIONS
In order to be more quantitative about the actual impact of higher order reflection on the measurements of the properties of a black hole, we simulate some observations with the XIFU instrument of Athena [25] . If our results show that we cannot measure the difference be-tween the zeroth order reflection spectrum and the full reflection spectrum that includes higher order contributions, we can conclude that the impact of higher order reflection is indeed negligible for observations with current and next generation X-ray missions.
We calculate the reflection spectrum with and without higher order contributions as done in the previous section. The reflection spectrum at the emission point is calculated with the non-relativistic reflection model xillver and we adopt the same input parameters as before (Γ = 2.389, E cut = 300 keV, log ξ = 3.1, A Fe = 1). The ray-tracing code is used as a convolution model. To maximize the difference between the spectra without (simulations a) and with (simulations b) higher order reflection, we consider the black hole spin parameters a * = 0.7 (simulations 1) and 0.95 (simulations 2) and in both cases we set the viewing angle to 70 • . In the end, we have thus four spectra (1a, 1b, 2a, 2b) .
The simulated observations are obtained with the fakeit command of XSPEC [29] , the response matrix file, the ancillary file, and the background spectrum of Athena, and the four theoretical spectra discussed before. The total model is tbabs×(powerlaw + reflection), where tbabs takes the galactic absorption into account [30] , powerlaw describes the direct spectrum from the corona, and reflection is our theoretical reflection spectrum (1a, 1b, 2a, or 2b). We assume the observation of a bright active galactic nucleus (AGN) and we set the photon flux to 1.4 · 10 −10 erg cm −2 s −1 . We consider an exposure time of 500 ks and we get a photon count of about 350 million photons in the 1-10 keV energy band.
The faked data are analyzed with the XSPEC model tbabs×relxill nk, where relxill nk is our reflection model for a parametric black hole spacetime (see Appendix A for more details) [21] [22] [23] . For the present study, we employ the Johannsen metric with the only non-vanishing deformation parameter α 13 , as it is the deformation parameter with the strongest impact on the reflection spectrum of the disk. The results of the fits for our four cases (1a, 1b, 2a, 2b) are shown in Tab. I. In relxill nk the reflection fraction R f is free in order to describe both the reflection spectrum and the power-law spectrum from the corona. As we can see, in all simulations we recover the correct input parameters and there are not appreciable differences between the simulations in which higher order reflection is or is not included. The measurement of the deformation parameter is consistent with zero (for simulation 2b, not at 90% confidence level for one relevant parameter but at a slightly higher value). Since we are mainly interested in the systematic uncertainties related to tests of the Kerr metric, we also show in Fig. 4 and Fig. 5 the constraints on the spin and the deformation parameters after marginalizing over all other free parameters of the fit. indicates that the parameter is frozen in the fit. In the simulations, we do not include (do include) the radiation crossing the equatorial plane between the inner edge of the disk and the black hole when "Higher order" is "No" ("Yes").
V. DISCUSSION AND CONCLUSIONS
If the region between the inner edge of the accretion disk and the black hole is optically thin, the total reflection spectrum of the source should be the sum of the direct reflection spectrum (radiation that never crosses the equatorial plane) and higher order contributions. The latter are produced by the other side of the disk and by radiation circling the black hole one or more times. The phenomenon is due to the strong light-bending in the vicinity of the compact object and is usually neglected in current relativistic reflection models. In this paper we have investigated the impact of this radiation on the reflection spectrum and, in particular, on the measurements of the properties of the accreting black hole.
The impact of this radiation on the shape of an iron line and on the full reflection spectrum is summarized, respectively, in Fig. 2 and Fig. 3 , where we show the results for different black hole spins (we assume that the inner edge is at the ISCO radius) and different viewing angles of the disk. For a Schwarzschild black hole (a * = 0), the difference between an iron line without and with higher order reflection is at the level of 3-6%, while the difference is at the level of 1-2% for the full reflection spectrum. This is not very sensitive to the exact viewing angle of the disk, but the trend is that the discrepancy is larger for lower viewing angles and smaller for higher viewing angles. As the spin parameter increases, namely the size of the plunging region decreases because the inner edge of the disk gets closer to the black hole, we see that the discrepancy between without and with higher order re-flection decreases for low inclination angles and increases for high inclination angles. For a * = 0.9, it seems that the discrepancy is negligible except for inclination angles like 70 • or higher. For very high values of the black hole spin parameters (like a * = 0.98 and 0.998), the difference between without and with higher order reflection becomes very small even for very large viewing angles.
For a more quantitative evaluation of the actual impact of higher order reflection on current and near future measurements, we have simulated some observations with Athena. More specifically, we have considered four cases, called, respectively, 1a, 1b, 2a, and 2b. For the cases 1 (2), the spin parameter was set to 0.7 (0.95), because for very high spins the effect of higher order radiation is surely weaker. For the cases a (b), we did not include (did include) higher order reflection in the simulated spectrum. We considered observation of a bright AGN for 500 ks (around 350 million photons in the 1-10 keV range) and then we fit the faked data with relxill nk. Our fit can recover the correct input values and we do not see any appreciable difference between the simulations in which we included and did not include higher order reflection. This is the case also for the deformation parameter α 13 , as shown in Fig. 4 and Fig. 5 , respectively for a * = 0.7 and a * = 0.95. Note that the input viewing angle of the disk is i = 70 • , which is definitively too high for an AGN showing a strong reflection spectrum. For such high values of the viewing angle, the inner part of the accretion disk is usually obscured and we do not see the reflection spectrum. Considering that typical values are i < 40 • , the impact of higher order In every panel, the upper quadrant shows the total line (solid green curve), the line ignoring the radiation crossing the equatorial plane between the black hole and the inner edge of the disk (dotted blue curve), the contribution from the underside of the disk (solid black curve), the contribution from radiation circling the black hole once (dotted red curve), and the contribution from radiation circling the black hole two or more times (dashed-dotted magenta curve). The lower quadrant shows the relative difference between the solid green curve and the dotted blue one of the upper quadrant. reflection for sources used to test general relativity using X-ray reflection spectroscopy should be even weaker and thus completely negligible for observations with current and next generation X-ray missions. 
